Abstract: Generalized autoregressive conditional heteroskedastic (GARCH) model is a standard approach to study the volatility behaviour of financial time series. The original specification of GARCH model is developed based on Normal distribution for the disturbances, which cannot accommodate fat-tailed properties commonly existing in financial time series. Consequently, the resulting estimates are not efficient. Traditionally, the Student's t-distribution and General Error Distribution (GED) are used alternatively to solve this problem. However, a recent study points out that those alternative distributions lack stability under aggregation. This leaves the appropriate choice of the distribution of disturbances in the GARCH model still an open question. In this paper, we present the theoretical features and desirability of the tempered stable distribution. Further, we conduct a series of simulation studies to demonstrate that the GARCH model with this distribution consistently outperforms those with the Normal, Student-t and GED distributions. This result is robust with empirical evidence of the S&P 500 daily return. Therefore, we argue that the tempered stable distribution could be a widely useful tool for modelling the financial volatility in general contexts with a GARCH-type specification. 
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PUBLIC INTEREST STATEMENT
This paper provides a systematic and comprehensive investigation on the distributions of disturbances in the Generalized autoregressive conditional heteroskedastic (GARCH) model. This model is derived based on the seminal work of the Nobel laureate Robert Engle and has been widely used in finance research in the past few decades. Its application covers many fields including financial volatility forecasting and quantitative risk management. With both simulation and empirical evidence, we demonstrate that the tempered stable distribution outperforms other popular existing options including Gaussian, Student's t and gender error distributions. Hence, via incorporating the tempered stable distribution, the accuracy of the GARCH model can be largely increased. Further, the practical implication of such a model is expected to be more appropriate, which benefits users like stock market traders and relevant policy markers.
Introduction
Over the past few decades, the autoregressive conditional heteroskedastic (ARCH) model has become a standard approach to study the volatility of financial time series. This framework is firstly proposed by Engle (1982) and is further extended to be the generalized ARCH (GARCH) model (Bollerslev, 1986) . The popularity of GARCH model is particularly due to its ability to capture characteristics of financial time series like time varying heteroskedasticity and volatility clustering (Ho, Shi, & Zhang, 2013) .
Originally, GARCH model is constructed based on the assumption that financial time series follows a Normal (Gaussian) distribution. However, significant evidence suggests that the financial time series is rarely Gaussian but typically leptokurtic and exhibits heavy-tail behaviour (Bollerslev, 1987; Podobnika, Horvaticd, Petersena, & Stanleya, 2009; Stanley, Plerou, & Gabaix, 2008; Susmel & Engle, 1994) . Theoretically, GARCH model can accommodate for fat-tailedness through its specification (Bollerslev & Wooldridge, 1992) . In practice, however, there is still excess kurtosis left in the standardized residuals in most cases (Calzolari, Halbleib, & Parrini, 2014) . To solve this problem, a common solution is to employ a fat-tailed distribution such as the Student's t-distribution or General Error Distribution (GED) (Chkili, Aloui, & Nguyen, 2012; Fan, Zhang, Tsai, & Wei, 2008; Mabrouk & Saadi, 2012; Zhu & Galbraith, 2011) . Compared to the GARCH model with Normal distribution, estimates of which are believed to be consistent even when the true distribution is fat-tailed (Bollerslev & Wooldridge, 1992) , GARCH model with the true distribution can lead to more efficient results (Bollerslev, 1987) .
Motivated by those studies, GARCH model with a fat-tailed distribution should always be employed in the practical finance research. This is particularly important in accurately forecasting financial volatility, which is critical to portfolio risk management such as measuring risks with Value-at-Risk and/or Conditional-Tail-Expectation. However, a recent study of Calzolari et al. (2014) argues that the widely used Student's t-distribution and GED are problematic. Their most outstanding drawback is that those distributions lack in stability under aggregation, which is of particular importance in portfolio applications and risk management. This leaves the following question still open for academics and practitioners: which fat-tailed distribution should we employ when the true distribution is unknown? We aim to address this with simulation and empirical evidence in the subsequent sections.
As a replacement of the Student's t and GED, the -stable distribution is recommended by Calzolari et al. (2014) , which has the stability-under-aggregation feature. Additionally, they argue that similar to the Student's t and GED, -stable distribution can be easily adapted to account for many properties of volatility such as asymmetry in the underlying financial time series. Unfortunately, since the second moment of -stable distribution does not exist in most cases, GARCH model with this distribution will lead to problematic interpretation. Hence, the sought of an alternative distribution would be of particular interest for the application of GARCH model.
The tempered stable distribution is a natural substitution of the -stable (Feng & Shi, 2016; Shi & Feng, 2015) . Firstly introduced 1 in Koponen (1995) , tempered stable distribution covers several wellknown subclasses like Variance Gamma distributions, bilateral Gamma distributions and CGMY distributions (Küchler & Tappe, 2013) . The advantage of this distribution is that it retains most of the attractive properties of the -stable distribution and has a defined second moment.
In this paper, we employ the tempered stable distribution for the GARCH model and argue that it outperforms both the Gaussian and commonly used fat-tailed distributions (Student's t and GED). To demonstrate that, we conduct a series of simulation studies to compare the performance of GARCH model with different distributions. First, we set the true distribution as Student's t and GED, respectively. Via nine combinations of different GARCH parameters and sample size, GARCH models with Gaussian and three distinct fat-tailed distributions are systematically analysed. It is demonstrated that when the true distribution is Student's t or GED, GARCH model with tempered stable distribution generates very similar results to that with true distribution. More importantly, it outperforms all the other competitors in terms of consistency, efficiency and overall performance. Second, we let the tempered stable be the true distribution. Nine sets of simulations are further constructed, including different choices of GARCH and tempered stable distribution parameters. In this scenario, none of the GARCH models with Gaussian, Student's t or GED distributions performs as well as that with the tempered stable.
To empirically compare the GARCH model with different distributions, we apply them to the daily return of the S&P 500 index. The results suggest that the GARCH model with tempered stable outperforms that with all the other distributions. Additionally, the density of the fitted tempered stable is closer to the density of the standardized residuals, compared to those of the other fitted distributions. Besides, the estimated GARCH parameters across different distributions are close to each other. The four fitted conditional volatility series are also quite similar.
The contributions of this paper are threefold. First, consistent with existing literature, our simulation evidence systematically demonstrate that GARCH model with the Gaussian distribution is consistent but not efficient, when the true distribution is not Normal. Second, if fitted incorrectly, we show that GARCH model with the widely employed Student's t and GED may introduce considerable biases. In contrast, GARCH model with tempered stable distribution can always lead to desirable results. Therefore, for a financial time series with an unknown fat-tailed underlying distribution, the tempered stable should always be employed within a GARCH framework. This finding satisfactorily answers our research question and significantly contributes to the existing literature. Finally, as evidenced by our empirical study, GARCH model with tempered stable distribution has better in-and out-of-sample forecasting performance than those with Gaussian, Student's t and GED. For financial practitioners, our result implies that using the tempered stable distribution may largely increase the accuracy of their risk measures with the GARCH model. This can further benefit their portfolio management and other enterprise risk management issues.
The remainder of this paper proceeds as follows. Section 2 describes the specification of the GARCH model. Section 3 explains how the Student's t, GED and tempered stable distributions can be applied to the GARCH model. We conduct three independent simulation studies in Section . The empirical results are discussed in Section. Section 6 concludes the paper.
GARCH model
GARCH model is derived by Bollerslev (1986) , which is a direct extension of the ARCH model proposed by Engle (1982) . Because of its capabilities to capture some important characteristics of financial time series (for example, time varying heteroskedasticity and volatility clustering), GARCH model has become a standard way to study financial volatility (Ho et al., 2013) . The original GARCH(1,1) model has the following specification.
where r t is the interested financial time series, t is the residual series, h t is its conditional variance and t is an identical and independent sequence. Therefore, the parameter + measures the volatility persistence, which means how fast the current shock to the volatility will die away (Ho et al., 2013) . In order to ensure that h t is stationary and always positive, Bollerslev (1986) suggests to apply the constraints + < 1 and , , ≥ 0.
In order to estimate parameters of GARCH model, Maximum Likelihood Estimation (MLE) is employed. Therefore, the series t needs to follow a specific distribution. Originally, GARCH model is developed based on Standard Normal (Gaussian) distribution. In other words,
2 Hence, the conditional density of t can be constructed as follows.
(1)
Then, the log-likelihood function corresponding to Equation (2) is:
and MLE estimator ̂ is obtained by maximizing Equation (3). Additionally, standard deviation of ̂ is acquired by taking square root of diagonal terms of the inversed fisher information (see Bollerslev, 1986 for details).
However, significant evidence suggests that the financial time series is rarely Gaussian but typically leptokurtic and heavy-tailed (see, for example, Bollerslev, 1987) . Therefore, if the true distribution is not Gaussian, MLE standard deviation of ̂ estimated in the above procedure will be inconsistent. To solve this problem, the Quasi-Maximum Likelihood Estimation (QMLE) based on Gaussian is further derived. The algorithm of QMLE to estimate ̂ is the same as described that by Equations (2) and (3). The only difference is the way to estimate a robust standard deviation of ̂ (see Bollerslev & Wooldridge, 1992 for details). It is argued that the QMLE standard deviation is asymptotically consistent, even if the true distribution of t is not Gaussian.
Options of alternative distributions

Student's t and general error distribution
Although QMLE can lead to consistent estimates, it is argued that QMLE of GARCH model is not efficient. Among the existing literature, Student's t-distribution and General Error Distribution (GED) are two widely used alternatives in finance research (Chkili et al., 2012; Fan et al., 2008; Mabrouk & Saadi, 2012; 2011) . Both of those two distributions can capture leptokurtic and heavy-tail behaviours. When they are applied to the GARCH model, the corresponding density functions of t are described below.
and v is the degree of freedom. Then, the MLE estimator ̂ can be obtained in the same way as that described in Section 2.
Tempered stable distribution
Symmetric -stable distribution
Despite their attractive properties to capture excess kurtosis and fat-tails, existing literature argues that the Student's t and GED distributions still have unsolved problems. For example, Yang and Brorsen (1993) indicate that the tail behaviour of GARCH model remains too short even with Student's t-distributed error terms. Furthermore, Calzolari et al. (2014) suggests that the Student's (2)
Studnet's t:
t-distribution and GED lack the stability-under-addition property. Since stability is desirable in portfolio applications and risk management, a distribution could overcome this issue is of particular importance.
As suggested by Calzolari et al. (2014) , the -stable distribution (also known as stable family of distributions) is a replacement of the traditionally used fat-tail distribution. Its most outstanding characteristic is that -stable distribution can further overcome the stability problem of the Student's t. The -stable distribution constitutes a generalization of the Gaussian distribution by allowing for asymmetry and heavy tails. In general, a random variable x is said to be stably distributed if and only if, for any positive numbers c 1 and c 2 , there exists a positive number k and a real number d such that where x 1 and x 2 are independent variables and have the same distribution as x. The notation d = indicates equality in distribution. In particular, if d = 0, x is said to be strictly stable. According to Calzolari et al. (2014) , theoretical foundations of -stable distribution lay on the generalized central limit theorem, in which the condition of finite variance is replaced by a much less restricting one concerning a regular behaviour of the tails.
Since -stable distribution does not have a closed form of density function, the best way to describe it is by means of its characteristic function. If we only consider the symmetric -stable distribution case, then its characteristic function is of the form where ∈ [0, 2] is the index of stability or characteristic exponent that describes the tail-thickness of the distribution (small values correspond to thick tails), ∈ R + is the scale parameter and ∈ R is the location parameter (Calzolari et al., 2014) . The symmetric -stable distribution is then characterized by ( , , ) and is denoted as S( , , ). Therefore, the standardized symmetric version is S( , 1, 0) with the following characteristic function Despite its attractive properties, the second moment of the symmetric -stable distribution does not exist in most cases. Consequently, the application of this distribution to GARCH model will cause serious problems. For instance, the interpretation of conditional volatility would fail. Therefore, the sought of substitute of the symmetric -stable distribution, which has similar attractive properties and defined second moment, would be of particular interest.
GARCH model with tempered stable distribution
The general case of tempered stable distribution is characterized by six parameters and denoted as
TS(
The levy measure of such a random variable x is Therefore, a tempered stable distribution with zero mean has the following characteristic function (Cont & Tankov, 2004) . , then x follows a CGMY distribution (Carr, Geman, Madan, & Yor, 2002 ).
• For + , − < 0 we have ( R) < ∞, and thus, x is a compound Poisson process.
• For
Therefore, x is a finite-variation process making infinitely many jumps in each interval of positive length, which we can express as x t = ∑ s≤t Δx s .
Thus, x has sample paths of infinite variation.To apply this distribution into GARCH model, we require x to be standardized so that it has zero mean and unit variance. Bianchi, Rachev, Kim, and Fabozzi (2010) argues that one way to achieve the standardization is to let
has zero mean and unit variance.
Combining Equations (9) and (10), we now have a standardized tempered stable distribution. This distribution is expected to retain all the attractive properties similar to those of -stable distribution and can be further employed to describe the standardized residual of GARCH model.
In terms of estimation, MLE can still be used. Since the tempered stable distribution also does not have a closed form of density function, the discrete Fourier transform method is employed to obtain the estimates of parameters for its characteristic function described in Equations (9) and (10) (Kim, Rachev, Bianchi, & Fabozzi, 2008) . 3 The detailed algorithm of estimation can be found in Shi and Feng (2015) .
Comparisons between distributions
In this section, we will conduct three simulation studies to compare the performance of GARCH model with Normal, Student's t, GED and tempered stable distributions. The data generation process is GARCH(1,1) in all cases. True distributions are therefore Student's t, GED and tempered stable, respectively.
Simulation study: Student's t distribution
First, we set the true distribution as Student's t with 3 degrees of freedom. Altogether, nine sets of simulations of the GARCH(1,1) process with different , and T (sample size) are generated, where = 0 and = 0.1. To avoid the starting bias, 10,000 points are generated for each simulation, and then only the last 3,000, 4,000 or 5,000 points are used. Moreover, to avoid simulation bias, 500 such replicates are produced for each combination, while the first 200 are discarded. 4 The simulated data are fitted into GARCH model with Normal (GARCH-N), Student's t (GARCH-t), GED (GARCH-G) and tempered stable (GARCH-S) distributions, respectively. In Table 1 , the log-likelihood (LL), bias, standard error (SE) and root-mean-square-error (RMSE) of , and + are reported. 5 Bias is the mean difference between the true parameter and its estimate, SE is the standard error of the estimates, and RMSE is the square root of the mean of squared difference between the true parameter and its estimate.
In the case of bias comparison, most absolute values of GARCH-N and GARCH-G are over 0.01, whereas those of GARCH-t and GARCH-S are basically smaller than 0.01. More specifically, biases of (10) in GARCH-N model are consistently greater than those in other models in all cases. Nevertheless, biases of in GARCH-G model are the greatest when the true value is greater than 0.10. With respect to + , results of GARCH-G model are the worst when the true volatility persistence is 0.85 or 0.95. Therefore, when the true distribution is Student's t, consistency of GARCH-G estimates is not optimal, which is even worse than the result of GARCH-N in certain cases. Furthermore, GARCH-S outperforms both GARCH-N and GARCH-G in terms of bias. It also has very similar results to the true model GARCH-t.
SE is widely used to measure the estimation efficiency. It is observed that SEs of GARCH-t, GARCH-G and GARCH-S are roughly on the same scale and all much smaller than those of GARCH-N. Hence, this result is consistent with the argument that QMLE of GARCH model is not efficient. More specifically, SEs of in GARCH-G are overall slightly smaller than those of GARCH-S. For and + , GARCH-S generally has relatively better or similar results to GARCH-G. However, since small SE can be generated in large bias case, it is not sensible to compare SE without considering the situation of bias. Thus, RMSE is a combination of bias and SE, which is employed as the overall performance indicator in many existing simulation studies. Consistent with the results of SE, GARCH-N has the largest RMSE in all cases. Most of RMSE in GARCH-S model are smaller than those in GARCH-G, especially for the sets where and are comparatively larger. This result is consistent for estimates of , and + .
When compared with RMSEs of GARCH-t model, those of GARCH-S are still quite similar, though most values are slightly greater. Additionally, both SE and RMSE are smaller with the increase in T, which is robust across different distributions and GARCH parameters. This result is consistent with the central limit theory, suggesting that the efficiency and overall performance will improve if larger sample size is available.
Turning to the average log-likelihood, not surprisingly, GARCH-N model has the smallest values in all cases. Results of GARCH-G are generally smaller than those of GARCH-t. Nevertheless, it is worth noticing that GARCH-S can yield slightly greater log-likelihood compared to the true model GARCH-t. 6 To sum up, when the true model is GARCH-t, GARCH-S model outperforms GARCH-N and GARCH-G in terms of consistency and overall performance. Nevertheless, it can produce similar results to GARCH-t in most cases.
Simulation study: GED
Next, we set the true distribution as GED with 1 degree of freedom. Nine sets of simulations with the same combinations of parameters as those in Section 4 are constructed. Replicates and each simulation are also truncated in the same manners to avoid simulation bias.
Simulation results are reported in Table 2 . In the case of bias comparison, GARCH-N outperforms GARCH-t for and most cases of + . GARCH-S model still has smaller absolute biases compared with GARCH-N and GARCH-t models, which is robust for different , and + . Additionally, biases of GARCH-S are very close to those of the true model GARCH-G. As to the SE comparison, GARCH-N still has the largest values for and + , whereas GARCH-t is the least efficient to estimate . SEs of GARCH-S is generally smaller than those of GARCH-N and GARCH-t, and are still similar to those of GARCH-G. Finally, the overall performance indicator RMSE suggests that GARCH-N basically outperforms GARCH-t for but is still worse than other models for estimating and + . Moreover, RMSEs of GARCH-S are consistently smaller than those of GARCH-N and GARCH-t in most cases and are close to those of GARCH-G. Apart from that, both SE and RMSE are also decreasing with the increase in T in all cases. Turning to the log-likelihood, the situation here is exactly the same as that in Section 4. GARCH-N has the smallest values, and GARCH-S has larger values than those of the true model GARCH-G.
To sum up, GARCH-S model outperforms GARCH-N and GARCH-t models in terms of consistency, efficiency and overall performance in most cases. Besides, results of GARCH-S model are very close to those of true model GARCH-G.
Simulation study: Tempered stable
In this section, we set the true distribution as tempered stable with three sets of different parameters (all the p are set to 0.5), including one case of CGMY distribution (when + = − = 0.5 and Simulation results are reported in Table 3 . In the case of bias comparison, similar to the results of Section 4.2, GARCH-N outperforms both GARCH-t and GARCH-G for and most cases of + .
Compared to the true model GARCH-S, GARCH-N has similar results for and relatively greater absolute biases for + . As for , four models yield absolute biases close to each other, and most of them are smaller than 0.01. For the SE comparison, GARCH-G has the smallest SEs for , whereas GARCH-t is the least efficient in most cases. In terms of and + , GARCH-N has the largest SEs, and results of the other three models are comparatively similar. Finally, the overall performance indicator RMSE suggests that GARCH-N basically outperforms GARCH-t for . Results of GARCH-G and GARCH-S are quite close. For , RMSEs of GARCH-N are the largest, while those of the other three models are close to each other. With respect to the volatility persistence, GARCH-t has the largest RMSEs for large + (0.85 and 0.95), whereas GARCH-N is the least preferred when + = 0.75.
Moreover, GARCH-G consistently outperforms GARCH-N in all cases. Roughly speaking, the true model GARCH-S is preferred to GARCH-G in most combinations. Turning to the log-likelihood, GARCH-N generates the smallest values. When the true distribution is CGMY, GARCH-G is preferred to GARCH-t. Otherwise, GARCH-t yields greater value than GARCH-G. In all cases, unsurprisingly, GARCH-S leads to the greatest log-likelihoods.
In conclusion, when the true distribution is Student's t or GED, GARCH-S model consistently outperforms the competing models except for the true model (in terms of the RMSE). Also, the results of GARCH-S and those of the true model are very close in most situations. Nevertheless, GARCH-S can even generate larger values of log-likelihood than the true model. When the true distribution is tempered stable, all the GARCH-N, GARCH-t and GARCH-G models cannot perform as well as the GARCH-S model. All the above observations are robust across different combinations of GARCH parameters and sample sizes. Therefore, we argue that for a given financial time series with an unknown fattailed distribution, GARCH-S model is an optimal candidate to study its second moment properties.
Empirical results
To empirically compare GARCH models with Normal, Student's t, GED and tempered stable distributions, we fit them for the daily S&P 500 Index (SP500). The daily closing prices for SP500 over the period from 1 January 2001 to 31 December 2013 are obtained from the TRTH database, which contains microsecond-time-stamped tick data dating back to January 1996. The database covers 35 million OTC and exchange-traded instruments worldwide, which are provided by the SIRCA. The corresponding return in the percentage series is defined as the logarithm of the daily closing price differences times 100; i.e. r t = 100 × log(S t ∕S t−1 ). In addition, the mean and standard errors of the SP500 return are 0.0112 and 1.3076, respectively. The skewness is −0.1885, indicating that the SP500 return is slightly negatively skewed. After fitting a GARCH(1,1)-N model, we find that the standardized residuals have a kurtosis of 11.3400, suggesting a non-Gaussian distribution. Thus, we perform the Kolmogorov-Smirnov and Jarque-Bera normality tests (not presented), where the null hypotheses indicating normality are rejected in both cases (p-values are 0.0000). As a result, GARCH models with non-Gaussian distributions are expected to outperform the GARCH-N model.
The estimates of GARCH(1,1) models with four different distributions are presented in Table 4 . Overall, all estimates of parameters are significant at 5% level in all models, and their magnitudes are fairly close across different models. More specifically, and are estimated to be around 0.09 and 0.90, respectively, in all models. Estimates of + are at around 0.99, suggesting that volatility of SP500 return is remarkably persistent over the entire period. To compare the models, both loglikelihood and Akaike Information Criterion (AIC) are presented. It can be seen that GARCH models with non-Gaussian distributions are all preferred to the GARCH-N model. GARCH-G outperforms GARCH-t, whereas GARCH-S performs the best among them.
To further explore the models, we report the smoothed density plot of the standardized residuals 7 of the SP500 return in Figure 2 . To compare the fitness of the distributions, we also plot the densities of Student's t and GED distributions with 7.6493 and 1.3833 degrees of freedom, 8 , respectively. Moreover, density of tempered stable distribution with parameters as estimated in Table 4 is also reported. It is clear that the fitted tempered stable density has a much more similar shape to that of the standardized residuals than the others. This provides further evidence that the GARCH-S outperforms the other GARCH models.
Finally, all the four estimated conditional volatility series 9 are plotted in Figure 3 . Despite their different model performance, the four estimated conditional volatility series demonstrate shapes fairly close to each other. It could be due to the similarity of estimates of GARCH parameters ( , and ). The trends of those series are consistent with our observation of the return series: comparatively more turbulent in the periods 2001-2003 and 2008-2010 . This is concordant with the real the first observation in the training sample and generate another one-step-ahead forecast. We repeat this rolling-window approach until 100 such one-step-ahead forecasts are produced. Then, we calculate the absolute difference between them and the corresponding |r t |, which measures the out-of-sample forecasting errors. The results are reported in Panel B of Table 5 . It is observed that GARCH-S leads to the smallest average forecasting errors in both the in-sample and out-of-sample cases. GARCH-S also generates the smallest variations of forecasting errors, as measured by the standard deviation. Additionally, in terms of the average forecasting errors, GARCH-G outperforms the GARCH-t, and GARCH-N is the least preferred model in both cases.
Conclusion
GARCH model has enjoyed particular popularity in the finance research. Despite its well-established properties, in practice, GARCH model can lead to more efficient estimates when an appropriate fat-tailed distribution is employed. As widely used alternatives, the Student's t-distribution and the GED are the popular choices in many existing studies. However, a recent study by Calzolari et al. (2014) points out that due to the instability under aggregation, the Student's t and GED are not optimal choices. Motivated by those findings, this paper aims to find an appropriate distribution for disturbances of the GARCH model, when the underlying distribution is a fat-tailed but unknown type. Calzolari et al. (2014) introduce the -stable distribution, which outperforms the Student's t and GED for its stability-under-aggregation feature. Unfortunately, the undefined second moment of this candidate brings in even more serious problems. To solve this issue, our paper argues that the tempered stable distribution should be employed instead. Via systematically designed simulation studies on the GARCH process, we systematically demonstrate the appropriateness of the tempered stable distribution applied in the GARCH model. The first two studies assume that the true distributions are the Student's t and GED, respectively. In such cases, results of GARCH-S are close to those of the true models. Additionally, GARCH-S outperforms the other competing models in terms of consistency, efficiency and overall performance. We construct different combinations of the tempered stable distribution to simulate the GARCH process in the third study. Our results suggest that none of the GARCH-N, GARCH-t and GARCH-G can perform as well as the GARCH-S model.
Finally, empirical evidence is further provided to check the robustness of our simulation results in practice. We fit the daily return of the S&P 500 index into the four GARCH models respectively. Our results indicate that GARCH-S is still preferred to all the other models, and the density of the fitted tempered stable distribution is the closest to the smoothed estimates of the data.
In particular, we demonstrate that GARCH-S has better in-and out-of-sample forecasting performance than all the other models. Hence, the tempered stable distribution could be a widely useful tool for modelling the financial volatility in general contexts with a GARCH-type specification. For instance, financial practitioners can use GARCH-S to significantly increase the accuracy of their risk measures, which can further benefit their portfolio management and other enterprise risk management issues.
